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Abstract: Fractional integral inequalities play a pivotal role in modern mathematical
analysis due to their deep connections with fractional calculus and diverse applications in
applied sciences. In this work, we develop a new class of generalized fractional integral
inequalities for convex functions by utilizing fractional integral operators characterized
through the Bessel-Maitland function. Our approach is framed within the extended
Chebyshev functional and relies on the concept of synchronous functions to establish
refined inequality bounds. By exploiting the intrinsic structural properties of the Bessel—
Maitland kernel, we derive several generalized fractional integral inequalities that unify
and extend many existing results associated with classical fractional operators.
Furthermore, we demonstrate how the parameters of the Bessel-Maitland function govern
the tightness and flexibility of the obtained bounds, thereby offering a broader and more
adaptable framework for fractional inequality analysis. The derived fractional integral
inequalities can be applied to obtain sharper error bounds and stability estimates in
models governed by fractional differential equations arising in physics, engineering, and
signal processing.
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1. Introduction

Integral inequalities [32] constitute fundamental tools in mathematical analysis and play a
crucial role in the qualitative study of integral and differential equations. Within the
framework of fractional calculus, such inequalities are indispensable for examining
essential properties of solutions, including boundedness, stability, continuous
dependence, and asymptotic behavior. Owing to their wide applicability across science
and engineering, fractional integral inequalities have attracted increasing attention in
recent decades.

A considerable body of literature has been devoted to the development of fractional
integral inequalities using classical and generalized fractional operators (see, for example,
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[7, 12, 13, 31, 33, 36, 38, 39, 41, 51, 53]). In particular, Griiss-type inequalities and
several related results based on Riemann—Liouville fractional integrals were established
in [19, 20], while inequalities involving generalized (k, h)-fractional integral operators
were introduced in [2]. Furthermore, various Hermite—-Hadamard-type inequalities
associated with fractional integral operators have been extensively investigated in [8—10,
15, 48, 50]. By employing collections of positive functions, Dahmani [18] derived several
fractional integral inequalities, and additional generalizations can be found in [14, 16, 22,
35,37, 42,43, 49, 52, 53]. In 2012, Dahmani [17] derived several new fractional results
related to convex functions.

Recent advances have focused on the construction of new fractional integral inequalities
via newly introduced operators, leading to refined Hermite—Hadamard, Ostrowski, and
Jensen-type inequalities under diverse convexity assumptions [1, 21, 23, 25, 29, 45].
Notably, Almoneef et al. [6], Rahman et al. [44], Vivas-Cortez et al. [56], and Talha et al.
[55] developed generalized integral inequalities using various fractional operators,
including Riemann-Liouville, Atangana—Baleanu, and operators involving special-
function kernels. These contributions highlight the growing interplay between fractional
operators, convexity theory, and inequality analysis.

Parallel to these developments, significant progress has been achieved in the theory of
fractional operators themselves. In particular, Halouani and Bouzeffour [25] introduced
and analyzed the fractional Laplace—Bessel operator, providing a rigorous analytical
framework that further enriches the operator-theoretic foundations of fractional calculus.

More recently, Sahoo et al. [46, 47], Aljaaidi et al. [5], and Yang et al. [57] obtained
notable results involving generalized fractional integral inequalities, while substantial
contributions to the theory of integral inequalities were also made by Ngo et al. [36],
Pogéany [40], Bougoufa [11] and Liu et al. [29]. In [28], Liu et al. established two
fundamental theorems concerning integral inequalities, which form an important basis for
further investigations.

In recent years, the Bessel-Maitland function has received considerable attention due to
its applications in fractional calculus, particularly in defining generalized fractional
integral operators and in the study of integral inequalities (see [3, 4, 24, 54, 30]).

Motivated by the recent advances in fractional integral inequalities and the growing
interest in generalized fractional operators, as well as by the analytical framework
developed for the fractional Laplace—Bessel operator, The primary objective of this work
is to develop new fractional integral inequalities associated with generalized Bessel-type
fractional operators, extending existing Hermite—Hadamard [26] and Ostrowski-type
inequalities [27] reported in recent studies.

Theorem 1: Let £,and £, be positive continuous functions on [¢4, ¢, ], where ¢, < ¢,
such that £, < %, on [¢, P,]. Assume that %, (%, # 0), is decreasing and £, is an
2

increasing function on [¢4, ¢,]. Let M be a convex function with P(0) = 0. Then the
following integral inequality holds:
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132 h1(2)az - 132 M(#1(2))dz
fglz by (2)dz fglz M(£2(2))dz

)

Theorem 2: Let #£,,%, and %3 be positive continuous functions on [¢4, ¢,], where

¢, < ¢, such that £, < £, on [¢1, P,]. Assume that iﬁ, (%, # 0), is decreasing and
2

#, and #£5 is an increasing function on [¢4,¢,]. Let M be a convex function with

M (0) = 0. Then the following integral inequality holds:

f$12 #4(2)dz > f(g)lz fIJ?(lzl(z))/cg, (z)dz

fjf £o(2)dz fff M (2) Vo3 (2)dz

)

Mubeen et al. [34] gave the definition of following extended version of generalized
Bessel-Maitland function

Definition 1: The extended version of Bessel-Maitland function (EvBMF) is defined for
N1,€1, V1, @1, @1, P1,61 € Cand R(ay) = 0,R(@1) = -1, 11,&1,v1 < p1 + 61 + R(ay),
R(n.) >0,R() > 0,R(vy) >0,R(p) >0,R(6;)>0 and vy,q,{,m,p=0, as
follows:

al,nl,fl,vl,pl,ﬁl _ [e's) (nl)yn(fl)qn(vﬂfln(_s)n
]<p1.y.q.{1,m.p (S) B ano F(a1n+91)(p1)mn(61)pn 3)

If we replace s = 1 in equation (1), then we have

a1,M1,$1,V1,P1,61 _ v (M)ynE)gn(v)gn(-1)"
]gol,y,q,il,m,p (1) B Zn=0 I'(ain+¢1)(P1)mn(61)pn (4)

In [34], Mubeen et al. defined an extension of the fractional integral operator in which the
kernel is expressed in terms of an extended version of Bessel-Maitland function.

Definition 2: The fractional integral operator with EVBMF as its kernel is defined as
follows:

a1,M1,$1,V1,P1,0 N a1,M1,$1,V1,P1,0
(Smbrends F)(s) = JJs =0 Jgmbmm (s - ONF@Od (5)

where 74,81, v1, a1, 91,p1,61, 0 € CR(ay) = 0,R(py) = -1, 11,8,vi < pp +6; +
9:{((xl)l 9:{( nl) > 0' 9%(fl) > 0' 9%(Vl) > 0! g‘R(pl) > 0' SR((Sl) > 0 a'nd V; q; (11 m:p 2 0

Remark 1. By applying (3) g = 0, we have the following well known result of [34]

~01,M1,V1,P1,0 s M1,V1,P1,0
(‘5211,1}7’.1511/.175;,&;(1)’?) (s) = fa (s =) ]g;z,l(;lﬂfll? (s —)*)F()dt (6)

Remark 2. If we assume w = 0 and replace ¢, by ¢, — 1 then we get the left-sided
Riemann-Liouville fractional operator.
(SEF)(S) = 7= [ (s — P F(D)de (7

I'(pq1)
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In this work, we derives fractional integral inequalities for the extended Chebyshev
functional in the framework of synchronous functions using an appropriate integral
operator (5).

2. Fractional Integral Inequalities for Convex Functions Associated with the Bessel-
Maitland Function

This section derives fractional integral inequalities for convex functions using a fractional
integral operator whose kernel involves the extended Bessel-Maitland function.

Theorem 3: Let £,and £, are two positive and continuous functions on [¢4, $,] and
#q < 4, on [¢q, P3] . Suppose that (/&2 # 0), is decreasing and £, is an increasing
function on [¢4, $,]. Then for any convex function M with WV(0) = 0, the following
integral inequality holds:

~a1.M1.$1,v1,P1,61 ~a1M1,$1,v1.P1,61
#1(s M(#4(s
©1,7,4.51,mp,w;$1 +(£1() ‘5(,, VAl mpwid, ( (#4( )))

~21.M1.41,V1.P1,61 oM §1,v1,p1,61
R) #2(S) M (£, (s)
®1,Y.9.{1.mp,w;p1 ( 2 ) tplyq(1mpw é1 ( ( 2 ))

(8)

where 14,&1,vq, a4, 94, p1,01, 0 € Cwith s = 0,R(a1) = 0,R(p1) = -1, ny,&,v1 <
p1+ 61 +R(ay), R(n) > 0,R(&) > 0,R(vy) > 0,R(py) >0,R(6,) >0 and

Y,q4,$1,m,p = 0.
M(s) .

Proof: Since the function 9 is convex such that MM(0) = 0 then the function —— is
increasing. Also #, is increasing therefore, /(z z())) is also increasing. Again /;ES; is
1 2

decreasing. Then for all i, ¢ € [¢1, ¢, ], we have

WA W) _ M @) (21 @) _ W) o
( %1 (W) #1(9) )(/Lz(¢) /Lz(ﬂ)) =0 ©)
It can be written as

for1 (1) Az () £1(@)  Az2(p) fo1(P) Az () () Ao(p) —
Now multiply (10) by £, (u) #,(¢) then
M(£1 (W) M(£1()) M(£41($))

# (D) 1 (P, (W) + ——~ #() 1 (W2 (P) — 5 () fe1 (D) e, (1)

M(£41 (W)
~ TR 00) () (9) 2 0 (1)

£1 (1)

Now multiplying (11) by (s —u)®1 ]gi:zfimﬁl’ai(w(s — w)¥) and then integrating

(11) with respect to u over [¢1,5], P1 < 5 < ¢, we get

s _ aiM1,E1,V1,P1,0 93?(%1@1))
fi (s = Py SmEmaens (s — o) 2O b (g, iy
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NuEL V110 M(%1(P)
+ [ (s =Pt (s - @) T 4, (01, (@)dp

— [3 (s = ot (s — o) HED) g gy, (1) dp

‘Pl'%q'(l;m'p k (¢)
_ (s _ (7] a1,M1,$1,V1,P1,01 _A\a im(/h(#))
f(rbl(s l’l) lj(plry,qrgl,m,p ((A)(S t) 1) /& (#) l"’l (M)/"’Z (d))dl'l > 0 (12)
Using (5) we have

k1(¢)~a1 MN1.81.V1,P1,61 (fm(kl(s)) /&2( )>

So v impwdt \ A1)

‘m(/h(qb)) ~®1.M1,$1,V1,P1,61
T @ #2(#)3 So1r.aimpwe,* (£1(5))

_ im(/’él(‘;b)) ~®1M1,$1,V1,01,81
ey DI gt (£2(9)

_/‘,’ ((P)Nal M1,$1,V1,P1,01 <§m(k1(s))/&1(s)> >0 (13)

e1Y.a.5mpwip* A0

Now multiplying (13) by (s — (;l))"’ljgi:g’lq’?l’?l’gl’al( w(s — ¢)*t) and then integrating

(13) with respect to ¢ over [¢4,5], P; < 5 < ¢P,, we get

~a1,M1,$1,V1,01,61 ( ( ) ~®1M1,$1,V1,P1,61 M(£4(5)) £ (S)
017,05 mpwip, T VA gt mpwigt \ ha(s) 02

~%1.M1.61,V1,01,61 M(£4(5)) cwa1 11,1,V1,01,61
* Souv.adimpwi:* < #1(5) #2(5) Sy @ mpwid, +(k1 (S))

_ x@1M181,V1P1,61 im(kl(s)) ~®1.M1,61,V1,P1,61
\S<P1'Y'q.f1,m.li.w:¢1+ < £1(s) 1( ) (p Y,a,{1,m,w; ¢ (kz (S))

_x@1M1,81,V1,P1,61 ~111,81,V1,01,61 im(/“31(5)) >
Souv.atsmpw:* +(£2(9))3 917,451 mp,wips " ( e () | =

~@1,11,61,V1,01,01 ~21M1,$1.V1,P1.61 (fm(ﬁl(s))/& >
S 01v.a81mpwid +(19)) ‘5<P1-V.q.51.m.p,w;¢1 #£1(5) 1) (14)

~21M1,$1.V1.P1.61
R (/&2(5)) ~@1M1€1v1.p1.61 [ M(£1(5))
p1v.a81mpwidrt Soraiimpodrt\ A1 T 12

Since#, < #, on [¢pq,¢P,] and —) is an increasing function, for u € [¢q,5],P1 < s <
¢,, we have

My (W) _ M(k2()
<
A T AW (15)




95 Bhawesh Khatri, Meena Kumari Gurjar and Rajneesh Kumar

Now multiplying (15) by (s — y)‘pljgijz,fgf;{zl’al(w(s — w)*1) and then integrating

(15) with respect to p over [¢1, 5], P1 < s < ¢,, we get

3 (s = Py (s — ey 2B g, gy

(P1,Y,q,(1,m,p kl(#)
s @1 7%0M1.81,V1.P1,61 nay (kW)
< S, =%y yatimy (@l —O%) —FE =y (Wdu (16)

Using equation (5) we get

~@1M1,§1,V1,P1,01 M(%41(5)) < ~®1M1,$1,V1,P1,61
Ser.adimpwie,* ( #41(s) #e (S)> = S, v.aiumpwie:t (9)?(/&2 (S))) a7

By combining (17) and (14) we get the desired result.

By setting g = 0 in Theorem 3, we obtain the following result for the operator defined in (6).
Corollary 4: Let £,and £, are two positive and continuous functions on [¢4, ¢p,] and
#q < 4, on [, P,] . Suppose that ji—:, (#, # 0), is decreasing and £, is an increasing

function on [¢1, ¢,]. Then for any convex function M with N(0) = 0, the following
integral inequality holds:

¢1Y.$1.mp,w;Py ©1.Y,{1,mp.w;$1

a1,M1,V1,P1,01 = «21.M1.V1,P1,61
3 £2()) 3 (m(£2(5)))
<P1.y.(1.m.p.w:¢1+( ) o1y.S1mpwipyt ( )

30!1'711'1’1471'51 +(/&1(S)) 30!1'7113'1-!)1-51 +(§m(k1(s)))
>

(18)

where 1q,vq, @1, 91,p1,01, w € Cwith s > 0,R(a;) = 0,R(p1) = -1, n;,v1 < p1 +
6; + R(ay), R(ny) > 0,R($1) > 0,R(vy) > 0,R(py) > 0,R(61) >0andy,{;,mp =
0.

Remark 3. Setting w = 0 in Theorem 3, yields the result due to Dahmani [17].
Remark 4. By applying Theorem 3 with w = 0, ¢, = 1 and s = ¢b,, we obtain Theorem 1.

Theorem 5: Let £,and £, are two positive and continuous functions on [¢, ¢,] and

#q < £y on [Pq, P2] (91 < @P3) . Suppose that %, (#5 # 0), is decreasing and £, is an
2

increasing function on [¢¢, ¢,]. Then for any convex function I with M(0) = 0, the

following integral inequality holds:

~a1M1,§1,v1,p1,61 ~21M1,§1,v1,p1,61 ~21M1,$1,v1,1,61 ~21M1.41,V1.P1,61
3 £1(5))3 M(£2(s)) )+3 M(£2(5))) 3 #e1(s)
Tl.v.q.('1,m.P.w:¢1+( 1)) <p1,y,q,(1,m,p,w;¢1+( (#2 )) T1.V;q;51;m.1!7.w:¢1+( (#2 )) <P1J'.q.(1.m4’,w:¢1+( 1)

3011,711.51,1/1.01,51 (911(4%1 (S)))3a1,n1.§1N1.p1,61 (#2())+ 30!1,711.51,1/1.01,61 (#2 (S))SM.HLELVLPLM (im(/al (s))) =
Tovalimpwiprt p1v.alimwprt t1v.alimpwir” P1v.aiimpwps*

1 (19)

where 14,&1,v1, @1, 91, 01,01, 71, @ € Cwith S = 0,R(a;) = 0,R(p;) = —1,R(11) =
-1, m 2§10,V < pr 461+ R(ag), R(ny) > 0,R(E) >0, R(vy) >0, R(py) >
0, R(y) >0andy,q,{;,mp=0.
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Proof: Since the function 9 is convex such that IM(0) = O then the function m is

M(£1(5)) . 1( ) -
205 is also increasing. Again —— s is
decreasing. Then for all ¢ € [¢4,s], ¢1 <5 < ¢p,. Thus multiplying (13) by (s —

¢)le$‘1 1';7'3’2"2’51'81(0)(5—d))“l) and then integrating (9) with respect to ¢ over

[¢1,5], 1 < 5 < ¢,, we get

increasing. Also #, is increasing therefore,

~@1M1,$1,V1,P1,61 ~1M1,$1,V1,P1,61 M(£1(5))
Sty y.a.8mpwie,* (/& ()3 Serr.aiimpwe,* < #1(s) (s )>

~x¥1.M1.61,V1,P1,61 M(£4(5)) c~a1 N1,E1,V1,01,61
+ \STl v)’vq'€1:m'p,w:¢1+ < kl (S) kZ( ) (p Y49, { ,Mm,p,w; ¢ + (kl (S))

= Sal,nl,fl,vl,pl,ﬁl (Ym(&l () 11 (s )) e mALVLPLOL (/"’2 (S))

Ty, a8umpwipst \ £i(s) So1r.adimwi:*

~®1,M1,61,V1,P1,61 ~®1M1,61,V1,P1,61 Sm(/?q(s))
+ ‘STl,V,q,fl,m,p.w;¢ (/kz (S)) <P Y4, ( ,M,D,W; ¢ " ( ’kl(s) kl (S)> (20)
Since the function £, < %, on [¢4,¢P;] a L is an increasing function, for ¢ €
[d)l' ]I ¢1 <s< ¢25 we have
M(£1(9)) _ M(£:(9))

f1(p) T A2() 21
Multiplying (21) by (s — ¢)*] 0(11;’321;551 al(w(s — ¢)%) and then integrating (21)

with respect to ¢ over [¢p4, 5], P1 < s < ¢P,, we get

I3 (s = gymirnsiin (s — gye) ML), (4)ag

T1,¥,4,{1,mp £1(P)
M1,§1,V1,01,6 M(£, ()

< [, G = TR (w(s — $)°) 4(’3 o Lty (@)dop (22)
Using (5) we get
~a1.M1,$1,V1,P1,61 m(&l (S)) a1 11,61,V1,P1,61
Stivadimpwie: ( #41(s) #ea (s )> Stivadimpwie: (EIR(&Z (S))) (23)
Similarly, we can get
~@1M1,§1,V1,01,01 M(%4(5)) ~®1M1,$1,V1,P1,01
\5¢1'V'q,z1'm'p.w;¢1+ ( /(’/1(5) &2 (S)> (p V.4, ( ,m,p,w; ¢ + (mt(kz (S))) (24)

By combining (20), (23) and (24) we get the desired result.
By setting g = 0 in Theorem 5, we obtain the following result for the operator defined in (6).
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Corollary 6: Let £,and £, are two positive and continuous functions on [¢4, ¢,] and
#1 < £y on [Py, P2] (D1 < ¢P3) . Suppose that % = L (%, # 0), is decreasing and £, is an

increasing function on [¢4, ¢,]. Then for any convex function Mt with M(0) = 0, the
following integral inequality holds:

~a1.11,V1,P1,61 ~Q1,M1,V1,01,61 £xOLN1VLP1LE1 ~a1.M1,V1.P1,61
£1(s M( £, (s M( £, (s #41(s
Jf1.v.<1.m.p.w:¢ +(B19)3 P1¥.51,mp,wip1 ( (B2 ))) 71.¥.{1.mp.w;d1 ( (#2( ))) @1.Y.{1.mp.w;d1 +(15))

3051,771.1/1471.51 (gm(kl(S)))NWLTILVLPLM (kz(s))+~a1.7l1ﬂ/1.ﬁ1,51 L (#2 (S))~a1.711,V1.P1,51 (9)?(/&1(5))) =

T1Y.{1.mpw;p1 1.¥.{1.m,w;p1 T1,Y.{1.mMpw;$p1 ?1.Y.$1.mp,w;$p1
(25)
where 14,Vq, @1, 91, 01,01, T1, @ € Cwith S = 0,R(a;) = 0,R(p1) = —1,R(11) =
-1, m ,v1 < p1+ 61+ R(ay), R(ny) >0,R(1) >0, R(vy) >0, R(py) >

0, R(y) >0andy,{;,mp=0.
Remark 5. Setting w = 0 in Theorem 5, yields the result due to Dahmani [17].

Remark 6. By applying Theorem 5 with w = 0,7y = ¢, =1 and s = ¢,, we obtain
Theorem 1.

Remark 7. By applying Theorem 5 with T, = ¢4, we obtain Theorem 3.
Theorem 7: Let £4,%, and #£3 are positive and continuous functions on [¢4, $,] and
#q < £y on [Pq, P2] (P1 < ¢P2) . Suppose that L, (£, # 0), is decreasing and %, and

# is an increasing function on [¢4, ¢, ]. Then for any convex function 9 with M(0) =
0, the following integral inequality holds:
~21M1.41.V1,P1.61 ~21M1.81.V1.P1.61
‘S<p1.y.q.Z1.m.p.w:¢ +(1) ‘Sfp ¥.3.$1mp,w;d1 (ﬁm(kl(s))ks (S))

~®1M1,§1,V1,P1,61 bo(s ~a1?71f1V1P151 WML (5))on (s
‘S<p1.y.q.Z1.m.p.w:¢ ( 2( )) <p1yq51mpw¢ ( ( 2( )) 3l ))

(26)

Where 711; 51; Vl; al; §01;p1, 61,(1) € (C; m(al) > 0; ER(QDl) = _1; 771: 51:1/1 < pl + 51 +
R(ay), R(ny) > 0,R(&) > 0,R(vy) > 0,R(py) > 0,R(61) >0andy,q,{;,mp = 0.

Proof: Since the function I is convex such that N(0) = 0 then the function L is
increasing. Also #, is increasing therefore, /(z z())) is also increasing. Again /;ES; is
1 2

decreasing. Then for all u, ¢ € [¢q,s], p; < s < ¢,, we have

M(%1 (1) M(£1(P)
( 00 () - HErD) g, (¢)> (B2 (@Yo (1) = 2 () () 2 0 @7)

M(feq (1)) #23 (W) M(£1(P)) #3()

= () fer (D)o (W) + (D) £ (W2 (P)
_ im(/h(qf’))/&s (@) _ 513?(/&1 (M)V% (u) >

R DL oy ($) () — TELE B, (1) () 2 0 (28)
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Now multiplying (28) by (s — y)‘pljgiﬁz%f;{zl’al(w(s — w)*1) and then integrating

(28) with respect to p over [¢4, 5], p1 < s < ¢,, we get

M1,6$1,V1,P1,0 M( £ () fe3(1)
S (5 = P s — ) TR o (9) R

MV p16 Mk, ()5 (9)
+fp 5 =W (s — ) (Zéf R (1) 2 (P)dp

=[5 (s = WP (s — o) RELOIE@) . (43 ()

‘Pl'%q'(l;m'p £ (¢)
(S (e @1 @181V P10 _vagy Bl (W) s (W)
5 (s — Pttt s — o) W 4 (i, ()ap=0  (29)
Using (5) we get

“*oLSLYLPLO1 g‘nkl
Ry (PIFoIE O ¢1+( - /&Z(smg(s))

im(kl(qb)) ~1.M1,$1,V1,£1,01
£1 () k2(¢)%3(¢) (P V.0.{,mp,w;dq +(/k1($))

im(/’él(‘;b)) @al N1, 51 V1,P1, 51

%S LY1LPLO1 mzkl
— oy (P)IIEL P ¢1+< fﬂg))/&l( )/&3(5)> (30)

Now multiplying (30) by (s — qb)‘”l]gi:gz%’g’g’gl( w(s — ¢)*) and then integrating

(30) with respect to ¢ over [¢4,5], P; < 5 < ¢, we get

3“1‘771‘51‘1/1'01'51 (/&1 (S) ~®1M1,$1,V1,01,61 (ﬁm(/‘l(s)) /&2 (S)'kg (S))

01Y.a{mpw;p,t Sorvaiimpwdt \ A1)

x®1M1,81,V1,P1,61 M(#£1(s)) ~ N1,V 1,P 1,01
Touragimpw’ < #1(s) Ha ()3 (s) |3 Souvaiimpwd,* (#1())

> g% $1.V1.01,61 (Sm(kl(s)) ACLE (S)> FerEvLPLOL + (/22 (5))

P1v.a5impwidrt \ £4(s) co ¥,a,$1,mp,w;dq
Mu$1V1.P1,8 a1,M1,81,V1,P1,61 932(/&1(5))
+~a1771f1v1p1 1 Y3 1M1, 3 £ (s 31
Soivadimpwie,t +(£2())3 Soivadimpwigt \ £ 1(8)#5(5) €
It can be written as
~21M1.§1.V1,01,61 «@1M1.§1.V1,P1.61
£ M(% #
\S¢1'Y'q'51'm.p.w;¢ + (1) ‘S(p yq{lmpw¢1+( (£1(9) 3(5))

(32)

~%1.11.41.V1.P1,61
3 YAQ) <~0¢1-771.f1.v1-P1-51 M(£1(s))
©1,Y,.9,.§1.mp,w;P1 ( 2 ) (Pl V.0,{1,MD,w; ¢1 #1(5) 2 (S)/"G (s)

Now using (17) and (32) we get the desired result.
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By setting g = 0 in Theorem 7, we obtain the following result for the operator defined in (6).

Corollary 8: Let £4,%, and £ are positive and continuous functions on [¢4, ¢p,] and
#q < £y on [P1, P2] (P1 < ¢P3) . Suppose that %, (#, # 0), is decreasing and #, and
2

44 is an increasing function on [¢1, ¢, ]. Then for any convex function I with MM (0) =
0, the following integral inequality holds:

3“1'771'1/1471:51 N (/ﬁ (s)) 3a1,n1'v1'01,51 N (iD?(lal(s))lag (s))

¢1Y,$1.mp,w;P1 > @1.Y.5$1.mp,w;P1 (33)
~21.11,V1,P1,61 po(s))  g%MLvLe1il ML () (s
\S<P1.Y.§1.m.19.w:¢1+( 2( )) J¢1.Y.51.m.l’.w:¢1+( ( 2( )) 3 ))

where 7y,v1, @1, 91,p1,61, @ € CR(ay) = 0,R(py) = -1, ny,v; < p1 + 61 + R(ay),
R(ny) > 0,R(E) > 0,R(vy) >0,R(py) >0,R(6;) >0andy,{;,mp = 0.

Remark 8. Setting w = 0 in Theorem 7, yields the result due to Dahmani [17].

Remark 9. By applying Theorem 7 with w = 0,¢; = 1 and s = ¢,, we obtain Theorem 2.
Theorem 9: Let £4,%, and #£3; are positive and continuous functions on [¢q, P,],
where(¢p; < ¢,) and assume that%; < £, on [¢, p,] . Suppose that z—;, (£, #0),isa

decreasing function and 4%, and £ is an increasing function on [¢4, ¢,]. Then for any
convex function Mt with MN(0) = 0, the following integral inequality holds:

~@1M1,51.V1,P1,61 ~a1,M1,§1,V1,P1,61 ~21M1.41.V1.p1.61 ~@1M1.51.V1.p1.81
#1(s M(£,(s)) )+ M(£,(s #41(s
Jfl.y,q,il,m.p,m:¢1+( = ))‘Sw1.y.q,(1.m,p.w;¢1+( (A2 ))) ‘Srl}y.q.(1.m}p.w;¢1+( (A2 )))‘S<p1}y,q,{1,m}p,w:¢1+( 1()

>
a1M1.$1,V1.P1.01 111,611,161 ~®1M1,41,V1,P1.61 a1,M1.61.Y1.,1,61 =
M(£1(s))%3(s £2(s))+ £2(s M(21(s))#3(s
311,1/,11,{1,1nmu:4)1+( ( il )) 3( ))J¢1,y,q,{1,m,p,w:¢1+( 2( )) ‘Snymyhymynw@ﬁ( 2l ))3<p1,y,q,(1,m,p,m;¢1+( ( a )) 3l ))

(34)

where N1 61, Ve, @y, 91,01, 61, T, @ € CGR(ay) = 0,R(9,) = —1L,R(7y) = -1, 11, 6,7 <
pl + 61 + g‘R(al)l m( 7)1) > 01 9:{(61) > 0, 9a(vl) > 0) m(pl) > 0) m(é‘l) > 0 ;Y; q! (1' m'p 2 0

Proof: Multiplying (30) by (s — ¢)™ ]ffﬁ;%l’;g 1’51( w(s — ¢)*t) and then integrating

(30) with respect to ¢ over [¢4,5], P1 < 5 < ¢, we get

~®1M1,§1,V1,01,01 k ~1M1,$1,V1,P1,01 im(kl(s))
s £, (8)s(s
‘Srl,y,q,(l,m,p,w;¢1+( 1( ))‘Sgol,y,q,(l,m,p,w;¢1+ £1(s) 2( ) 3( )

x@1M181.V1.P1,61 M(£1(s)) ~®1.M1.81.V1,P1,61
S S S
+\ST1,]/,Q,€1,m,p;wi¢1+ ( /&1(5) %2( )&/3( ) ‘5<P1,]/,q,§1,m,p,w;¢1+ (%’1( ))

> 3“1'711'51'1/1471'51 (im(/’*l (S)) kl (S)/&:;, (S)) S“b’hflvapp% . (/&2 (S))

T17.0.5mp.widrt | £1(5) 17,05, mp,w;d;
~1.M1,$1,V1,P1,01 ~1.M1,61,V1,£1,01 ﬁUI(/&l(s))
+‘511.V.q,€1.m.p.w;¢1+ (/&2 (S))‘S%,m,( 1mpwpt ( #41(5) #1(s)h3(s) (35)

Using (23), (24) and (35) we get the desired result.
By setting g = 0 in Theorem 9, we obtain the following result for the operator defined in (6).
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Corollary 10: Let £,,%, and £ are positive and continuous functions on [¢4, ¢p,] and
#q < Ry on [Py, P2] (P1 < @) . Suppose that le, (#, # 0), is decreasing and £, and
2

45 is an increasing function on [¢1, ¢, ]. Then for any convex function I with M (0) =
0, the following integral inequality holds:

Sd1ﬂ71.v1rp1r51 (/&1 (S))Sd1rfl1.v1,ﬂ1r51 (gﬁ(kz (S)))+Sa1»n1.v1»ﬂ1»51 (‘.Ut(laz (S)))3a1ﬂ1»v1r91r51 . (,&1 (s))

Tlrvvfgymvp,w:tﬁﬁ <p1,y,{1,m,p,m;d>1;' T1,V,{1,m,p,u;;¢1+ <p1,v,{1gn,p,m;¢1 >1 (36)
«¥1M1V1,P1,61 ML n ~®171V1,P1,81 . $]ENLVLALOL ~¥1M1,V1.01,01 Wm(s 5 =
JT1,Vr§1rmvPrw;¢1+( ( 1(5)) 3(5))J¢1,y,{1,m,p,m;¢1+( Z(S)) JT1rVrl1rmrPr¢v;¢1+( 2(5))‘5<p1,y,{1,m,p,m;¢1+( ( I(S)) 3(5))
where 11, V1, @1, 91, P1,01, T, @ € CR(ay) = 0,R(p1) = -1, R(7y) = -1, n,v; < py +

81 + R(ay), R(nw) > 0,R(&) > 0,R(v,) > 0,R(py) > 0,R(61) >0,y,¢,mp =0.
Remark 10. Setting w = 0 in Theorem 9, yields the result due to Dahmani [17].

Remark 11. By applying Theorem 9 with w = 0,74 = ¢; = 1 and s = ¢,, we obtain
Theorem 2.

Remark 12. By applying Theorem 9 with 7; = ¢, we obtain Theorem 7.

3. Further Results on Fractional Integral Inequalities Associated with the Bessel-
Maitland Function

This section presents additional generalized fractional integral inequalities whose kernels
are defined in terms of the Bessel-Maitland function.

Theorem 11: Let £,and £, are two positive and continuous functions on [¢4, ¢,] such
that £, is decreasing and #£, is an increasing function on [¢, ¢p,]. Then fors = 0
N1, €1,V1, @1, @1, 01,01, @ € C,R(ay) =2 0,R(p1) = -1, 1,6, vi < pr+6; +
R(a1), R(n1)

0,R(&) > 0,R(vy) >0,R(p1) >0,R(6,) >0,v,9.(4,mp=20, u=v>0 and
w > 0 we have

a1M1.$1,v1.P1,6 a1m1,§1,v1,p1,6
N 1M1.$1,V1.P1.01 +(&1u(s)) 5 1M1.$1,V1,p1.61 +(&2wk1u(s))
¢1.¥.9.{1,mp.w;Pq ¢1.Y,4.$1.mp,w;Pq

«®1.M1,$1.V1,P1,61 v = «21M1.81.V1.P1.61 w, v
3 fq1°(8) 3 o Hq (S)
w1,y,q,(1.m.p,w:¢>1+( ' ) w1.y.q.€1.m.p.w;¢1+( 2 )

(37

Proof: Assume that 1, p € [, P,], we have
(2" () = £2" (@) (£ (@}er” (1) — £1” (@)A1 (1)) = 0

which implies that
£2" (WA (D) 1" (W) + £, (D) 21" (D) £, " (1)
> £, (WAL (D)1 (1) + 42" (P) ey (D) 21" (W) (33)

Now multiplying (38) both side by (s — ¢)‘pljgi:]7/’}é%’%’gl’5l(a)(s — ¢$)*1) and then

integrating (38) with respect to ¢ over [¢p4, 5], 1 < 5 < ¢, we get
£ )y () SO0 (U () ) 4 Ry OSETEIOLO (Y (s))

©1,7,9,1,mp,w;$y ©1,Y,.9,$1,mp,w;$y
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> £, () oy () FEITEVIPLOL | ( V()) o V() FEVIIVIPLOL (p W U(s))  (39)

©1,7,9,$1,mMD,w;¢p1 ©1,Y,4,$1,mp,w;¢p1

Again multiplying (39) both side by (s — u)?: ]gi:g}fgl’;nl’gl’al( w(s — w)*1) and then

integrating (39) with respect to u over [¢1, 5], p1 < 5 < ¢, we get

~@1M1,§1,V1,P1,61 (/& W/& v ) ~®1.M1,$1,V1,P1,61 ( u )
S £ (s
Seuvaiimpeet 02 %1 (s) Seur.adimpwe,t V1 (s)

=

a1.M1,$1,V1,p1,61 u ~@1M1,$1,V1,01,61 W, v
+ 3% () £V Ry (s
<P1v)’vq'{1:mvp:wi¢1+ 1 ( ) \S(plryrqrzl'mrp'w:d)l-'— 2 1 ( )

v

~%1.M1,$1,V1,01,61 (& W/& u )~a1:771rf1rv1:p1:51 ( v )
S #4 (s
Souvaiimpwe,t 2 %1 () S vaimpwe,t 1 (s)

@1,M1,$1,V1,P1,61 v ~1.M1,61,V1,01,61 Wgo u
+34 (#.°()) PRAIRIC
Seuvaiimpwet V1 (s) Seradimpwe,t \2 71 (s)

which gives the result.

Theorem 12: Let £4and %, are two positive and continuous functions on [¢4, ¢, ] such
that £, is decreasing and £, is an increasing function on [¢q,¢,]. Then fors =
0,7m1,81,v1, a1, 91, 1,61,

7,0 € C,R(ay) =2 0,R(p1) = —1,R(t) = -1, 1, §,v1 <

p1+ 61 + R(ay), R(ny) >0,

ER(fl) > 0' ER(Vl) > 0' iR(Pl) > 0; ER(SI) > OF Y, 4 {1! m,p = O,U. =V > 0 and
w > 0 we have

a1M1.$1,v1.p1.81 u ~®1.M1,$1,V1,P1.61 w, v ~®1M1,41.V1,P1.61 W, v ~21M1.81.v1.p1,61 u
3 £:4(9))3 22" V() +3 72 17(9))3 £:4(5))
<P1,y,q,{1,m,p,w;¢1+( ' ) rl,y,q,fl,m,p,w;¢1+( : ) ¢1yv,q,<1,m,p,w:¢1+( 2"4") tl,y,q,51.m.p,w;¢1+( '

~21.M1.61,V1.P1.01 v ~@1.M1,$1.V1,P 1,61 W, u ~®1M1.$1.V1.P1.61 W, u ~21.M1.61.V1.P1.01 v
#1"(s) fop " R () )+ £, oy (5) £.°(s)
J<ﬂ1,y,q.{1,m,p.m;¢1+( ' )Jrl,y,q.(1,m.p,w;¢1+( 2 ) J<p1.y}q}<1.rn.uw:¢1+( 2 )‘Sﬁ.y.q.{l.m,p.w@ﬁ( t )

>1 (40)

Proof: Multiplying (38) by (s —u)™ ]TO(1 1;72121;;5 1’51( w(s — pu)*1) and then integrating

(38) with respect to p over [¢1,s], p1 < s < ¢, we get

u ~1.M1,$1,V1,P1,01 w v w v ~%1.M1,$1,V1,P1,01 u
R RS (A M O) B A OOV M ON sitiaieitl (R O)

> klv(¢)3a1:ﬂ1r51'v1.91.51 +(kzwk1u(s)) +kzw(d))klu(¢)3“1'7l1.51.1’1.ﬂ1.51 +(k1”(s)) (41)

71,Y,4,$1,Mp,w;P1 71,¥,9,$1,MD,w;P1

Again multiplying (41) by(s — ¢)%1 ]gi:g,léi'lﬁlrzzllal( w(s — ¢)%) and then integrating

(41) with respect to ¢ over [¢4,5], P; < 5 < ¢, we get

~®1.M1,81,V1,P1,61 (/& u )o«a1.7l1.f1.1/1.p1,51 ( w, v )
s 2o Ry (S
Soraiimpwip,t 1 () Seyadompag,t (762 "1 (s)

a1,M1,€1,V1,P1,61 Wy VU ~®1.M1,61,V1,P1,61 u
+5 (£, £:7(5)) fa(s
‘S¢1,y,q,(1,m,p,w;¢1+ 2 1 ( ) \S‘fl»y:qu1;mzp;w;¢1+ 1 ( )

N1,§1,V1,P1,8 v a1M1,$1,V1,01,6 W, u
><~‘Z1TI151V1P1 1 (/ﬁ s )c\f 111,61,Y1,P1,01 YRS s
= o vaimpwe,t U4 (s) Stoyalompaig,t "2 "1 ()

a1,M1,€1,V1,P1,61 Wgop U ~®1.M1,61,V1,01,61 v
+5 (%" £:(5)) £y (s
‘S¢1,y,q,(1,m,p,w;¢1+ 2 1 ( ) ‘Srl,y,q,fl,m,p,a);¢1+ 1 ( )
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which gives the result.

Theorem 13: Let £,and £, are two positive and continuous functions on [¢;, ¢,] where
#, is decreasing and £, is an increasing function on [¢b;, ¢, ], such that

(#2™ @)™ () = £1" () A2" (@) ) (1" () — 42" (1)) = 0 (42)

Then fors =0 ny,&,vq,a1,01,01,01,w € C,R(ay) = 0,R(p1) = -1, n,&,v1 <
p1 + 61 + R(ay), R(n1) > 0,R(&,) > 0,R(vy) > 0,R(py) > 0,R(5,) >
O;V;q,(pm,p > O,u >v

> 0and w > 0 we have

3611,711'51'1/1,[’1,51 R (k1W+u(S)) 3“1.711.51'1/1.!’1'51 R (/ézwlhu(s))
©1,Y,9.1mMpw;$1 ¢1,Y,4.1,mpw;¢1

~@1M1,61.V1.P1,61 (/L1W+V(S)) = 3a1.711'51-1’1-P1,51 (kzwklv(s))
01Y.a51mpwidrt 01v.a1mpwidrt

Proof: Assume that u, p € [, P,], we have
(£ (@)2" (1) = £2™ (A2 () (£1" (@) = 2" () = 0

and using the same process as in theorem 11, we get the desired result.

(43)

4. Conclusion

In this work, new generalized fractional integral inequalities have been established using
an integral operator whose kernel involves the extended Bessel-Maitland function. The
results provide a unified framework for deriving several well-known inequalities under
suitable convexity and monotonicity conditions. By appropriate choices of parameters,
many existing results in the literature are recovered as special cases, demonstrating the
generality of the proposed approach. Moreover, additional inequalities involving the
extended Bessel-Maitland function are obtained, which further enrich the theory of
fractional integral inequalities. These findings contribute to the ongoing development of
fractional calculus and may be useful in future analytical and applied studies.

5. Application

The derived fractional integral inequalities can be applied to obtain bounds, stability
criteria, and qualitative estimates for solutions of fractional differential and integral
equations involving nonlocal kernels.

6. Future Scope

Future work may extend these results to other classes of convexity, multi-variable
fractional operators, or different special-function kernels, with potential applications in
mathematical physics and applied sciences.

Acknowledgement: The authors are thankful to Referee for valuable comments and
suggestions.
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